Lipschitz continuity of solutions of Poisson equations 
in metric measure spaces 

Renjin Jiang 



Abstract. Let {X, d) be a pathwise connected metric space equipped with an Ahlfors g-regular 
measure fi, Q & [1,°°)- Suppose that {X,d,fj.) supports a 2-Poincare inequality and a Sobolev- 
Poincare type inequality for the corresponding "Gaussian measure". The author uses the heat 
equation to study the Lipschitz regularity of solutions of the Poisson equation Am = /, where 
/ e L''^^ . When p > Q, the local Lipschitz continuity of u is established. 



1 Introduction 

Let (X, d) be a pathwise connected, proper metric measure space, where proper means: each 
closed ball in X is compact. Given a domain £l Q X and u a measurable function on Q, a non- 
negative Borel function g is called an upper gradient of u on Q, if 



\u{x) - u(y)\ < \ gds 

Jy 

for all x,yeQ. and each rectifiable curve y : [0, Z] ^ Q that joins x and y. Further, a metric 
measure space (X, d,ii) is said to support a (weak) /^-Poincare inequality, if there exist C/> > and 
A > \ such that for every ball B{x, r) Q X and for each continuous function u and every upper 
gradient g of m on B{x, Ar), 

f \u(y)-UB\d^i(y)<Cpr(f giyf d^iy)] \ 

-JB{x,r) \JB(x,Xr) / 

where and in what follows, for each ball B <z X, ug = j-^udfi - n{B)~^ j^udfi; see [13] for details. 

By using the upper gradient, Shanmugalingam [18] introduced the first-order Sobolev spaces 
on X, i.e., the Newtonian (Sobolev) space N^'''{X,iJ.). For convenience, we denote the local New- 
tonian spaces and Newtonian spaces with zero boundary values by A'^j^^ and A^q''', respectively 
(see Section 2 for details). We note that it was proved in [18] that the Newtonian (Sobolev) spaces 
N^'P{X,^) coincide with the Sobolev spaces introduced by Cheeger [6] for p > \. From [6], for 
each u € N^'P(X,fi), we can assign a differential Du, which is called Cheeger derivative of u fol- 
lowing [15]; see Subsection 2.1 below. Notice that for Lipschitz functions u, the inner product 
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Du ■ Du is comparable to the square of Lip u, where 

T . , . V l«W - «(y)l 

Lip m(x) = lim sup sup . 

r->0 d{x,y)<r f 

Having the above tools, the Lipschitz regularity of harmonic functions in X is then considered 
in [15]. Let us first recall some notions. Let ju be a Q-regular measure on X for some Q> I, i.e., 
is Borel-regular and there exist constants Q > I and Cg > 1 such that for every x e X and all 
r>0, 

Cq^Q <lu{B{x,r)) < CQr^. 
1 2 

Let Q c Z be a domain. A function u € A^j^^ (X) is called Cheeger-harmonic in Q, if for all 
Lipschitz functions (p with compact support in Q., 

Du(x) ■ D4>(x)dii(x) = 0. 

The following theorem was established in [15]. 

Theorem 1.1. Let Q > I and suppose that (X,d,/j.) supports a 2-Poincare inequality. Further- 
more, assume that there exist constants C > and ?o > such that for each < t < to and every 
8 e N''\X), 

f g(yfp{t, X, y) dniy) < (2t + Ci^) { \Dgiytp{t, x, y) dniy) 
Jx Jx 

g(y)p(t,x,y)dn(y)] (1.1) 



Jn 



for almost every x e X. Ifuis Cheeger-harmonic in Q., where Q. G X is a domain, then u is locally 
Lipschitz continuous in Q.. 

Above, pit, X, y) refers to the heat kernel associated to the Dirichlet form D f{x)-Dg{x) d/^ix); 
see Subsection 2.2 below. 

It is well known that (1.1) can be deduced from the logarithmic Sobolev inequality 



X 



fixf log 



' fix? ' 

''L^{X,p{t,xo,x)dfi)^ 



X 

2\ I \\7fr^\\2 



p(t,xo,x)dfiix) 



i^|V/(x 



<i4t + 2Ct') \Vfixrpit,xo,x)dfi(xy, (1.2) 



see, for example, [1]. 

We remark that the authors in [15] gave several examples to show that: (i) in the abstract 
settings, harmonic functions may not be smooth and local Lipschitz continuity may be the best 
possible regularity; (ii) doubling of fi is not enough to guarantee the local Lipschitz continuity of 
harmonic functions and it is natural to consider an Ahlfors Q-regular measure; (iii) even when 
the Poincare inequality and Ahlfors ^-regularity hold, harmonic functions may still not be locally 
Lipschitz continuous; hence a Sobolev-Poincare inequality (1.1) is needed. 
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Inspired by [15], in this paper, we work on the Lipschitz regularity of solutions of the Poisson 
equations in metric spaces. Let Q c X be a domain. A Sobolev function u e (X) is called a 
solution of the equation Am = / in D., if 

- 1 Du{x) ■ D(p{x) dnix) ^ \ f{x)4>{x)diu{x), V0 e A^^'^^^)- (l-^) 
Theorem 1.2. Let Q > \ and suppose that {X,d,fi) supports a 2-Poincare inequality and that 

1 2 

(1.1) holds. Let u e A'^j^^ (X) satisfy Au = f in O, where Q. Q X is a domain and f e L^(D). If 
p > Q, then u is locally Lipschitz continuous in Q. 

Notice that in our abstract cases, we can only define the first order derivative (Cheeger deriva- 
tive), and the space X does not have any geometric sttucture. Thus many classical methods are 
not available for Theorem 1 .2. In this paper, we inherit the method investigated in [5] and used 
by Koskela et al [15] to study the Lipschitz regularity of harmonic functions in metric measure 
spaces. The method involves the abstract theory of Dirichlet forms and the heat equation. It is 
worth pointing out that the method used in [5, 15] can not be directly adapted to our setting: we 
need to modify the definition of a crucial functional J(t); see [5, 1.1.5], [15, p.l67] and (3.1) 
below. 

The paper is organized as follows. In Section 2, we give some basic notation and notions for 
Newtonian spaces, the Cheeger derivative and Dirichlet forms. Several auxiliary results are also 
given. Section 3 is devoted to the proof of Theorem 1 .2. In Section 4, we discuss some situations 
where the Sobolev-Poincare inequahty (1.1) can be verified. 

Finally, we make some conventions. Throughout the paper, we denote by C a positive constant 
which is independent of the main parameters, but which may vary from line to line. We also use 
Cy^,... to denote a positive constant depending on the indicated parameters y,^, • • • . 

2 Preliminaries 

In this section, we give some basic notation and notions and several auxiliary results. 

2.1 Cheeger derivative in metric spaces 

Let us first recall the definition of Newtonian spaces on X following [18]. Notice that the 
measure ju is only required to be doubUng in [18] and Ahlfors Q-regular measures are always 
doubUng measures. 

The Newtonian space N^'P(X) is defined to be the space of all p-integrable (equivalence classes 
of) functions for which there exists a /»-integrable upper gradient. If w e N^'P{X), then we define 
its pseudonorm by 

l|M||jvi.f(r) IIm|Ilp(x) + inf ||g||LP(r)- 

where the infimum is taken over all upper gradients of u. Further, if {X,d,p) supports the p- 
Poincare inequality, then it is proved in [18] that the set of all Lipschitz functions are dense in 
N^'P(X). It is then natural to define the Newtonian spaces on open subsets and local Newtonian 
spaces nI'J^ (X). The Sobolev spaces with zero boundary values on metric spaces were studied in 
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[14]. For a domain Q G X, following [14], we define the Newtonian space with zero boundary 
values A^q'^(X) to be the space of m e N^'P(X) for which uxx\a vanishes /7-quasi everywhere. 
Recall that a property holds /7-quasi everywhere, if it holds except of a set of /^-capacity zero. 

Cheeger [6] introduced Sobolev spaces in metric spaces by using upper gradients in a different 
way, but it was proved in [18] that the Sobolev spaces in [6] coincide with the corresponding New- 
tonian spaces for p > 1. The following theorem estabUshed in [6] provides us with a differential 
structure on metric spaces. 

Theorem 2.1. Assume that {X,d,ij) supports a weak p-Poincare inequality for some p > I and 
that ji is doubling. Then there exists N > 0, depending only on the doubling constant and the con- 
stants in the Poincare inequality, such that the following holds. There exists a countable collection 
of measurable sets Ua, l^(Ua) > ^ for all a, and Lipschitz functions X", ■ ■ ■ ,X"^^y : — > R, with 
1 < k(a) < N such that iu(X \ U^^^ Ua) = 0, and for all a and X'^, • • • , X"^^^ the following holds: 
for f : X ^ R Lipschitz, there exist Vaif) £ Ua such that i^(Ua \ Vaif)) - 0, and Borel functions 
l>"(x,f), • • • , of class L°° such that if x e Va, then 

Lip (/ - aiXl akia)Xl„)){x) = 

if and only if(ai , • ■ • , ak(a)) - (b"(x, /),■•■ , b'^(^^^(x, /)). Moreover, for almost every x e f/^i n f/,^^' 
the "coordinate functions" X"^ are linear combinations of the X"^ 's. 

By Theorem 2.1, for each Lipschitz function u we can assign a derivative Du, which maps 
VaCX into R'''-"\ where a e N and Va, k(a) are as above. Moreover, the differential operator D, 
and hence the Laplacian operator A, depend on the charts chosen. 

Cheeger further showed that the differential operator D can be extended to all functions in the 
corresponding Sobolev spaces, which coincide with the Newtonian spaces N^'P(X). A useful fact 
is that the Cheeger derivative satisfies the Leibniz rule, i.e., 

D(uv)(x) - u(x)Dv(x) + v(x)Du(x). 

Moreover, the Euclidean norm \Du\ of Du is comparable to Lip u. 

We now introduce several useful inequalities. Recall that (X,ij) is an Ahlfors Q-regalai space 
and supports a weak 2-Poincare inequality. Then there exists a positive constant C, only depending 
on Q, Cp and Cq, such that for all u e Nq^{B{x, r)) 

(f \u(ytdn{y)\ <Cr(f \Du(yf dn(y)\' , (2.1) 

\JB(x,r) I \JB(x,r) } 

where s - if g > 2, and 5 > 2 is arbitrary if 2 < 2; see [4, (k)] and also [3, 12, 16]. Notice 
that a (2,2)-Poincare inequahty is required in [4], but this is equivalent to the 2-Poincare inequality 
under our assumptions; see [11, 12]. 

1 2 

Lemma 2.1. Let p > Q. There exists C > such that for all u e that satisfy Au - f in 

B(xo, 2r), where f e L^^^ (X) and B(xo, 2r) cc X it holds 

sup \U\ < C[r-Q/^\\u\y^s(xo,2r)) + '^-^"'\\f\\D'(Bix„2r))l (2.2) 
B{xo,r) 
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Proof. When Q>2,hy [4, p. 131], there exists u e Nl'^iB(xo, 2r)) such that Am = / in B(xo, 2r). 
Then from [4, Theorem 4.1], we deduce that 

sup ^<C?^i{B{XQ,r))-'IP\\f\\u,^Bix,,2r)). (2.3) 
B(xo,2r) 

Now the fact that m - T« is Cheeger-harmonic in B{xq, 2r) and [4, Theorem 5.4] imply that 

sup \U-U\< Cr^^^^IlM - MllL2(B(^^ 2r)). 
B{xo,r) 



which together with (2.3) implies that (2.2) holds. 

When Q e [1, 2), we choose a Lipschitz function <p onX such that = 1 on B(xq, r), supp ^ c 
B(xo,2r) and < C/r. Then it is easy to see that u((> e NQ^{B{xQ,2r)). By [12, Theorem 5.1], 
the Holder inequality and the Young inequahty, we obtain that for every x e B{xq, 2r), 



mXxt < Cr" f \D(ucf>)(yf d^iiy) 

JB(xQ,2r) 

= Cr" f {Du(y) ■ D{u</>^)(y) + \u(y)Dcf,(yf] dfiiy) 
Jbc 



B(xo,2r) 



f 

JB(xo,2r) 



< Cr^ f \f(y)u(y)c/>(yf + 



r2 



< sup \u<p\ —I 



B(xoar) ) yu(S(xo,2r))i/p //(B(xo,2r)) 

A^(S(xo,2r))2/^ ju(S(xo,2r)) 



Hence 



11^ 1/ ^ ll/llz/(iJ(xo,2r)) , QM\LHB{xo,2r)) 

sup |m| < sup \(u<p)\ < —— — ^, + —— — — , 

B(;co,r) B(;co,2r) n{B{XQ,2r)yi P n{B{XQ,2r)yi ^ 

which implies that (2.2) holds, and hence completes the proof of Lemma 2.1. 
We also need the following Caccioppoli inequality. 



Lemma 2.2. Let p > Q. There exists C > such that for all < r < R and u e A^j^ {X) that 
satisfy A.u - f in B(xo, 2R) with f e L^, {X) and B{xq, 2R) cc X it holds 



f 



,|2^„/^x ^ ^p2+e(l-l),, .,,2 c 



\Du{xr d^ix) < CR^'-^''-PmUBi.,,2R)) + -^—^\\<HBi.,,2Ryy ^2.4) 



Proof Choose a Lipschitz function cp such that = 1 on B(xo, r), supp (p c B(xo, R) and \D<f)\ < 
Thus, M^*2 e A^q'^(S(xo,/?)). By the Leibniz rule and (1.3), we have 

I Du{x)- D{u(l?){x)dn{x) = I (l){xf\Du{x)\^ + 2u{x)(p{x)Du{x) ■D(p{x)dii{x) 
Jx Jx 
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Jx 



Applying the Holder inequality, the Young inequality and Lemma 2.1, we conclude that 



L' 



(p{xf\Du{x)f d/uix) 



^ I \f(x)u(x)\(f)(x)^ dfi(x) - I 2u(x)^(x)Du(x) ■ D(f>(x) dij(x) 
Jx JX 

< r \f(x)u(x)\ dfi(x) + h\,p\Du\\\l, + 8||m|D^&|||2 

which completes the proof of Lemma 2.2. □ 

2.2 Dirichlet forms and heat kernels 

Having the Sobolev spaces N^'P{X) and the differential operator D, we now turn to the Dirichlet 
forms on (X, d,n). Define the bilinear form S by 

S{f,g)^ f Df{x)-Dgix)diiix) 
Jx 

with the domain D(S') = N^'^{X). Then (f is symmetric and closed. Corresponding to such a form 
there exists an infinitesimal generator A which acts on a dense subspace D(A) of N^'^(X) so that 
for all / e D(A) and each g e N^'^(X), 

f g{x)Af{x)dii{x)^-S{gJ). 
Jx 

Now let us recall several auxiliary results established in [15]. 
Lemma 2.3. Ifu, v e N^'^{X), and (f> e N^'-^(X) is a bounded Lipschitz function, then 

S'(<p, uv) - S{(pu, v) + <f (0v, m) - 2 I (pDuix) • Dv{x) dfi{x). 

Jx 

Moreover, ifu, v e ^(A), then we can unambiguously define the -function A{uv) by setting 

A(uv) - uAv + vAu + 2Du ■ Dv. 

Also, associated with the Dirichlet form (f , there is a semigroup {r,},>o, acting on L^iX), with 
the following properties (see [8, Chapter 1]): 
1. T,oTs^ Tt+s, yt,s>0. 
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2. \Ttf(xtdfi(x) < y{xfdp{x), V/ e L\X,p) and V? > 0, 

3. Tff^f in L'^(X,h) when ? ^ 0, 

4. if / e L\X,ii) satisfies < / < C, then < < C for all t > 0, 

5. if / e &{A), then i(r,/ - f) ^ Af in L^CZ,//) as / ^ 0, and 

6. ATtf = §-T,f, Vf > and V / e L^(X,n). 

A measurable function ;? : R X X X X — > [0, oo] is said to be a heat kernel on X if 

f f(y)p(t,x,y)dp(y) 
Jx 

for every / € L^{X,iu) and all ? > 0, and x,y) = for every t < 0. Let the measure on X 
be doubling and support a 2-Poincare inequality. Sturm ([20]) proved the existence of the heat 
kernel, and a Gaussian estimate for the heat kernel which in our settings reads as: there exist 
positive constants C, Ci, C2 such that 



C'r^e < p(t,x,y) <Cr^e '=1'. (2.5) 

Moreover, the heat kernel is proved in [19] to be a probabihty measure, i.e., for each x e X and 
t>0. 



^tKx) - I p(t,x, 
Jx 



y)dp(y)^L (2.6) 



The following Lemma 2.4, Lemma 2.5 and Proposition 2.1 were established in [15] for Q > 1. 
However, their proofs show that they also hold for all 2 ^ 1 • We omit the details here. 

Lemma 2.4. Let T > 0. Then for ^-almost every x e X, Dyp(-,x, •) e L^{[0, T] X X) and there 
exists a positive constant Ct,x, depending on T and x, such that 



Jo Jx 



\Dyp(t,x,y)fdn(y)dt < Ct,x- 



Lemma 2.5. There exists C > such that for allO < T < r < \ and every x e X it holds 

I B(x,2r)\B(x,2r) 



Jo Jb(. 



\Dyp(t,x,y)\^ diu(y)dt < e 



The following result shows that the heat kernel plays the role of a fundamental solution. Let us 
recall the definition of test functions in this subject. The test functions are continuous functions (p : 
[0, T] X X ^ R such that for every fixed t > 0, <p(t, •) = <f>t(-) e N^'\X), Dy(f>(t,y) e L\[0, T] x X), 
and for //-almost every x € X, (p{-, x) is absolutely continuous on [0, T]. Moreover, we assume that 
there is a constant Sq - S(){x) > such that the following Holder continuity property holds for <p 
and the "center point" x of the heat kernel p{-, x, •): there exist C and a > such that for every 
6 <5q and for all {t, y) e [0, S] x B{x, 6), 



m,y)-mx)\<CS". 



(2.7) 



8 



R. Jiang 



Proposition 2.1. There exists a constant K such that for every test function (ptiy) and every x eX 
it holds 

I I <pt(y)Ayp{t,x,y)di^(y)dt :- - I I D<pt{y) ■ Dyp{t,x,y)dix(y)dt 
Jo Jx Jo Jx 

(pt(y)-^^p(t, X, y) dn(y) dt + K(f>o(x). 

3 Proof of Theorem 1.2 

Proof. Our proof is developed from the proof of [15, Theorem 1]; see also [5]. The proof is quite 
long, so that we first describe the strategy. Let m be a solution of (1.3) on a domain Q. Q X and 
let r e (0, 1) and B - B(yo,6r) cc Q. Following [15], we want to bound \Du(xo)\ for every 
xo e B(yo, r) \ A, where A is a set of measure zero depending on u and the heat kernel. 

Let be a Lipschitz function on X such that ^ = 1 on B(xo,r), supp0 c B(xo,2r) and \D(p\ < 
C/r. Now fix r < and for every / e (0, T), set 

w(t,x) :- u(x)(f)(x) - Tt(u(f))(xo). 

Then Dw(t, xq) - D{u<P){xq) - Du{xq). 

Let e e (0, 1) be determined in the future. Now, for t e (0, T], let 

\+t^ r' r 2 

J{t) :- j j |£)w(>y, x)| p(s,xo,x)dfi{x)ds 

t Jo Jx 
l+f r' r 

H I I w(s,x)(p{x)Au{x)p(s,xo,x)dfx{x)ds. (3.1) 

t Jo Jx 

From the following proofs, we will see that e needs to be chosen depending on p, Q, and that the 
term of e plays a crucial role in proving the theorem. 
We will prove the following results. 

Proposition 3.1. There exists a positive constant Ct,^ depending on T, r, such that 

J{T) < CT,r{\\u\\L^B(xoAr)) + ll/llLP(B(;to,4r))) • 

Proposition 3.2. There exists a positive constant CT,r, depending on T, r, such that 

d 2 

Jo ~dt'^^^^^^ ~ ~CTAM\LHB(xoAr)) + \\f\\LP(B(xoAr))) ■ 

Proposition 3.3. For almost every xq e Biyo, r) it holds limf^o+ Jif) - I^m(xo)|. 
Combining Propositions 3.1, 3.2 and 3.3, we finally obtain 



|Z)(m)(xo)P = /(r) - ^ jj;jJ(t)dt 



^ CrAlMlL^iBixoAr)) + \\f\\LP(B(xoAr)))^' 
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for almost every xq e B(yo, r). 

Now for all x,y e B(yo,r) c Q with B(yo,6r) cc Q, let Bi = B(x,d(x,y)) and S_i = 
B(y,d{x,y)). For j > 1, set Bj - 2~^6,_i and B-j - 2~^B-j+i inductively. Further, if x,y are 
Lebesgue points of u, then 



i{x) - u(y)\ < ^ \ubj - UBj^il, 



j=-°° 

where for each j, the Poincare inequality yields 

\uBj - UBj,i I < Cdiam(2Bj) ^£ \Du(x)\^ dn{x) 

< Cr,rdiam(2S^-)(l|M|lL2(B(yo,6r)) + ll/llLP(BCyo,6r))). 

Hence, we obtain 

\u{x) - Uiy)\ < CT,r{\\u\\L2(B(yo,6r)) + \\f\\mB(yo,(>ry))d{x,y\ 

for almost all x,y e B(yo, r). Then u can be extended to a locally Lipschitz continuous function on 
Q, which completes the proof of Theorem 1.2. □ 

Let us prove the Propositions. 

Proof of Proposition 3.1. Since w(t, x) - u(x)<p(x) - Tt(u((>)(xo), we have 

\D{u(/>)f = \Dwf = ^Aw^ - wiuA4> + (pAu + 2Du ■ Dip) 

in the weak sense of measures. Also, in what follows we extend A formally to all of N^'^(X) by 
defining 

I v(x)Au(x) dp(x) - - I Dv(x) ■ Du(x) dp(x) - I Av(x)u(x)dp(x). (3.2) 
Jx Jx Jx 

Moreover, we set m{t) = Tt(u(p)(xo). Then = 2w^w - -2wm'{t), which further implies 
that 

\Dwf = - I A + — I - w(mA0 + (pAu + 2Du ■ D(p - m'(t)) 
2\ dtj 

in the weak sense of measures. Thus, we obtain 



/'J 

Jo Jx 



[\Dw{s, x)\ + wis, x)^{x)Au{x)\p{s, xq, x) dp(x) ds 



= ^ J J" |a + ^ j w^is, x)p{s, xo, x) dp{x) ds 

- I I w(s, x)[u(x)A(p(x) + 2Du(x) • D(p{x) - m'(s)]p(s, xq, x) dp(x) ds. (3.3) 
Jo Jx 

Recall that for each s > and xq e X, Ts(l)(xo) - p(s, xq, x) dp(x) - 1. We then have 

nw{s,x)m{s)p{s,XQ,x)dp{x)ds = I m'{s)Ts{u(p){xo){l - Ts{l){xo))ds - 0. 
Jo 
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Now applying integration by parts and using (3.2), we obtain 
A + —jw (s, x)p(s, xq, x) dix(x) ds 

w'^is, x) \a - ^1 p{s, XQ, x) dnix) 



Jo Jx 

-f! 

Jo Jx 
+ 



I w^(t,x)p(t,xo,x)d/i(x) - I w^(0,x)p(0,xo,x)di^(x). 
Jx Jx 



At this point, we want to use Proposition 2.1 with (p{t,x) - w (t,x). By Lemma 2.1 and u e 



N]'^ (X), we have D^iw\t, x)) = 2w(t, x)Diu(p)ix) e L^ilO, T] x X). The property (6) of our 



semigroup guarantees the continuity of w^(t,x) on [0, T]. Since w^(t,x) may equal to a constant 
outside B(x[), 2r), it may not be in L?iX), but we always have D(w^(t, •)) e L^iX) which is enough 
for us to use Proposition 2.1. The only thing left is to verify the Holder continuity of w^{t, x). 

For p > Q > 2, hy [4, Theorem 5.13], we see that u is locally Holder continuous; while for 
1 < (2 < 2, since u(p e N^'^(X), by [18, Theorem 5.1], m0 is Holder continuous with exponent 
1 - ^. More precisely, for almost all x,y e B, we have 

\u(x) - U(y)\ < C;.[||M||i,2(g(^^,4^)) + \\g\\LP(B(xoAr))]dix,yf . 

Notice here that, when Q<2, 6=l-j.ln what follows, for simplicity, we define 

C{u,f) := ||M|lL2(B(^g 4^)) + ||/||tP(S(;co,4r)). 

In the following proof, we will repeatedly use the fact that for fixed yS, y e (0, oo), iPe~^^ and 
^ are bounded on (0, oo). Let us now show that (2.7) holds for w. By the local Holder 
continuity of ucp and (2.5), we have 

\w{t, x)\ = |m(x)0(x) - Tt{u(p){xQ)\ 
- \u{x)(f>{x) - m(xo)0(xo) + u{xo)(p{xo) - r,(M0)(xo)| 

< CC(u, f)d(x, xqY + I \u(xo)<p(xo) - u(x)(p(x)\p(t, xq, x) diu(x) 
Jx 



<CC{u,f){d{x,xof + J d{x,xofr^e ^ci- g 2c^, ^^(^x) 



< CC{u, f) ^{x, xof + t^l^ J p(lt, xo, x) dnix) 



< CC{u, f){d{x, xof + rn, (3.4) 

where / = Now let y e (0, T] and {t,x) e [0,-y] X S(xo,r). Then by (3.4) and the fact that 
w(0, Xq) - 0, we see that 

\wit,x) - wiO,xo)\ < CC{u,f){d{x,xof + t^l^) < CC{u,f)y^l^. 

Thus, this allows us to use Proposition 2. 1 to obtain 



Jo Jx 



d\ 2 

A + — I w {s, x)p{s, Xo, x) dn{x) ds 
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Jx 



- Kw^iO, Xq) + \ W^{t, x)p{t, Xq, x) d/^ix) - W^(0, x)p{0, Xq, X) dfx{x). 



Using (2.6) gives 

I w^(0,x)p{0,xo,x)dfi{x) - Um I w^(s,x)p(s,XQ, x)dfi{x) 
Jx •s^o* Jx 



= Um [T,((u(pf)(xo) - (T,(uc/>)(xo)f] = 0, 



which together with the fact w(0, xq) = yields 



+ x)pis, XQ, x) dnix) w\t, x)p{t, XQ, x) dp{x). (3.5) 

We now estimate the second term in (3.3). Recall that = 1 on B{x(), r) and supp (p c B{xq, 2r). 
By Lemma 2.1, Lemma 2.2, Lemma 2.5 and the Holder inequality, we obtain 

nw{s, x)u{x)A(p{x)p{s, Xq, x) dfi(x) ds 

-\\ I D(w(s,x)u(x)p(s,xo,x)) ■ D(p(x)d^(x)ds 
\Jo Jx 

< 1 I w(s,x)u{x)Dp{s,XQ,x) ■ D(p{x)di2{x)ds 
\Jo Jx 

nw{s, x)p 

nu(x)p(s, Xq, x)Dw(s, x) ■ D^(x) djjiix) ds 

< Crl|M|li~(B(;^,2r)) ( f f 



+ 



+ 



\Dp{s,XQ,x)\ dfi{x)ds 



I B{xo,2r)\B{xo,r) 



~Ci~ ^ 

+Cre I|m||l~(B(;co») 



,2r)) I \Du{x)\^ dnix) 

\JB(xo,lr)\B{xo,r) 



1/2 



<Cre-'^'''C{u,ff. 

Similarly we have 

r r 

I Jo 

Combining the estimates (3.5)-(3.7), by (3.3), we obtain that t e (0, T], 



, x)p{s, Xq, x)Du{x) ■ D(l>{x) dji{x) ds 



< CrC{u,ffe'''^' \ 



Jit) < 



+- 



2t 



X Xi"^^ ds 



w (s, x)p(s, Xq, x) dfi(x) ds 



hf\r r 

— I I w(s, x)[u{x)A(p{x) + 2Du{x) ■ D(p{x)p{s, xq, x) d/^ix) ds 
t |Jo Jx 



(3.6) 



(3.7) 
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~ 2t Jx 



w^{t,x)p{t,XQ,x)dn{x) + Cre-^''^C{u,ff. (3.8) 



By letting t-T and using Lemma 2.1, we obtain 

J{T) < Ct\\u<P\\1.,^^^ + CT,rC{u,jf < CT,rC(u,n\ 

which is the desired estimate, and hence completes the proof of Proposition 3.1. □ 

Proof of Proposition 3.2. Let us now estimate the derivative J'{t) - -j^Jit). By Lemma 2.4, for 
almost every xq e X, Dyp{s, xq, •) e L^{X). From this together with the fact that for each fixed s, 

1 2 

w(s,-),4>,p(s,xo,-) are bounded functions, we see that w^;? e A^q' (B(xo,2r)). Thus by (3.2), we 
obtain 

r' r 

, x)(/){x)Au{x)p{s, Xq, x) dp{x) 



Jo Jx 



-- \ I D(w(s, ■)<pp(s, XQ, ■))(x) ■ Du(x) dnix) 

Jo Jx 



nw{s, x)<f>(x)f(x)p(s, XQ, x) dn(x). (3.9) 



This and (3.8) further imply that 



I I l-e\ t l + fC , 



\ + f r 

H I w{t,x)(f){x)f{x)p{t,xo,x)dp(x) 

t Jx 

> ^ ^ I J \Dw(t, x)fp(t, XQ, x) dp(x) - Yf J ^^P^^' ^0' ^J" W j 

_ 1 r 

-Cre~'^' ^C(u,ff + — I \Dw(t,x)fp(t,XQ,x)di.i(x) 
t Jx 

\ + f r 

H I w{t,x)(l){x)f{x)p{t,XQ,x)dp{x). (3.10) 

t Jx 

The main difficulty left is to estimate the last term in (3.10). To this end, we now decompose 
our proof into two different cases: (i) 2 > 2 and (ii) Qe [1,2). From the following proof, we will 
see that the term f in (3. 1) plays a key role in matching the two terms \Dw{t, x)\^p{t, xq, x) dp{x) 
and ^ w^(t, x)p(t, xq, x) dfi{x), which allows us to use (1.1). 

Case (i) Q>2. Recall that e e (0, 1). Applying the Young inequality to the last term in (3.10) 
and choosing suitable constants, we obtain 



dt t 



f \Dw{t, x)fp{t, Xq, x) dp{x) - -z- f w^(t, x)p(t, Xq, x) d/xixu 
Jx 2t Jx 



-Cre~^' ^ Ciu,f) + — I \Dwit,x)\^pit,XQ,x)dnix) 
t Jx 

"TT I •^)/'(^' -^0, x) dp{x) -f- I {(p{x)f{x)fp{t, XQ, x) d/uix) 

Jx ? Jx 
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> 



^ I J" \Dw{t, x)\^p{t, XQ, x) dp{x) - J ^^P^^' 
-C.e-^''^C(M,/)-% r Wx)/(x))Va,^o,x)^//x(x). 



For each fixed t e (0, T), either 



or 



r |Z)w(f, x)fp{t, xq, x) dp{x) > — f w^(t, x)p{t, xq, x) dp{x) 
Jx 2? Jx 

J \Dw(t,x)fp(t,xo,x)dp(x)<Y^J w^(t,x)p(t,XQ,x)dp(x). 



In the first case, we have 



^Jit) > -Cre-'^''^Ciu,f) - % r (<Pix)mfpit,xo,x)dpix). (3.11) 
dt Jx 

Let us consider the second case. By (2.7), (3.4) and the fact that ^^^2 e ^"^1' is bounded, we 
obtain 

J" \Dw{t,x)\^p{t,XQ,x)dp{x) < Yf J w^{t,x)p{t,XQ,x)dp{x) 

1 r u-^qi^ 

<CC(u,ff— I {d{x,xof + t'^'^frQ'^e ci< dp{x) 
2? Jx 

<CC{u,ff&^ f p(lt,xo,x)dp(x)<CC(u,f)h^-\ 
Jx 

where I - The fact w = t<0 - Tt(u(f>)(xQ) impUes 



I w^(?, x)p(?, xo,x)i//i(x) - I (m(x)0(x))^p(?, xo, x) i/ju(x) 



- 1^ u{x)(p{x)p{t, Xq, x) dp{x) 



Then, by (1.1) with g replaced by m0, we obtain 
d 



—J{t)>-C{\ + f) f \Dw{t,x)\^p{t,XQ,x)dp{x) 
at Jx 

-Cre^'^' ^ Ciu,f) I {^{x)f{x)fp(t,XQ,x)dp{x) 

t Jx 

> -CT,rC(u, fft'-' - % r {<p{x)f{x)fp{t, xo, X) dpix). (3.12) 

' Jx 

Thus, from (3.11) and (3.12), we see that (3.12) holds in both cases. 
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Since p > Q > 2, v/e may choose e e (0, 1) such that Q/p + e < 1. This together with the 
Holder inequaUty impUes that 

d 

— Jit)dt 
Jo at 

>-CT,rC(u,ff f ^-Ut- r ^ {{,p{x)f{x)fp{t,XQ,x)dn{x)dt 

Jo Jo ' Jx 

>-CT,rC{u,ff 1+ ^ p{t,XQ,x)^ dnix)^ '' dt 

-CT,rC(u,ff J P^^'-^'-^^^^^^-^^^ 



> 



which completes the proof of the case 2 e [2, oo). 

Case (ii) Q e [1,2). Let us first estimate the last term in (3.10). Let a e (0, ^) be fixed in 
what follows. Choose ^f(x) to be a Lipschitz function on X such that il/tix) = 1 on B(xo, f"), 
supp ij/t c B{xQ, 2t°') and \D^\ < Cr"'. Write 



1 



I w{t,x)(f>{x 
Jx 



)f{x)p{t,X(,,x)diJL{x) 



Ct C 

— \i/ft(x)w(t,x)(/)(x)f(x)p(t,xo,x)\ dij(x) 

t JB(xo,n 



Ct r 

t J(B( 



+— I \w{t,x)<p{x)f{x)p{t,xo,x)\ di^ix) 

Hi +H2. 



Since a e {0, 1), t ^ ^"^i is bounded on (0, ex?). This, together with the Holder inequality 



and (2.5) yields 



H2 < ^-WuWv^iBWr)) f |0(x)/(x)|r^e 'ci"/ dyL{x) 

' J(B(;co,;"))C 



Let us estimate the term Hi. Let \ < s < min{2,p} and let s' be the conjugate of s, i.e., 
^ + p- = l.Bythe Holder inequality, we have 

Hi < — ||/0lb(B(;n),<«))II^^M?,-)p(?'^o,-)llL*'(B(;(^,^)) 

Ct i-i 
< —\\f\\u{B(,x^r))i^{B{x^,fW ~f\\\lit-w(t,-)p{t >-^05 ■)IIl''(B(a:o,("))- 

.1,2/ 



(3.13) 



Notice that for each t, il/tw(t, ■)p(t, xq, ■) e Nq (B(xo, 2f)). Then by the Sobolev-Poincare inequal- 
ity (2.1), we obtain 



\\l/f,wit, ■)p{t, XQ, ■)\\Ls\B(,xo,2f)) 
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< 2ty(B(xo,2fm-nD(ifrMt, ■)pit,xo, -MLHEixoany (3-14) 

Let us estimate \\D{i^tw{t, ■)p(t, xq, ■))\\L'^{B{xo,2f))- ^PPlying the Leibniz rule, the Gaussian bounds 
of heat kernel (2.5), (2.6) and (3.4), we obtain 

\\D(t/ftw(t, ■)p(t, xo, -MLHBixoan) 

< C\\r"w(t, ■)p{t, Xo, ■)\\LHB{xo,2f)) + OI/'C^ -^0, •)IIl2(B(xo,2('')) 

+Cr\\u\\L'^(B(xo^2r))\\f^^'^^Dyp{t, Xq, ■)\\LHB{xo,2n) 

<Cr"~T^J w^(t,x)p(t,XQ,x)dp(x)\ 



lB(xo,2n 

+Cr^ I J" \Dw(t, x)fp(t, Xo, x) dp(x) 



1/2 



B(xo,2n 

+CrC{u,f)f^^-h\Dyp{t,xo, ■)\\LHB(x,,2n)- (3-15) 
Combining the estimates (3.13)-(3.15), by using the Young inequality, we obtain 

,1/2 



Hi < CT,rf-^^''^^^-hf\\mB{x,,f')){t~"~^ ( r ^iU X)p(t, XO, X) dM(x) 

^ \JB(xo,2f) 

\JBi 

+C(u,f)f^^-^\Dyp(t,X0,-)\\L2(B{x„,2n) 

4r jB<xn,2t") 



+f 4 I \Dwit,x)\ p{t,xo,x)dpix) 

lB(xQ,2n 



JB{xo,2t") 

IIZ/(B(;co,2r)) ' 



^^^^2a-l+2ae(^4)-f -e||^||2^^^^^^^^^ + \Dw(t, xtp(t, Xo, x) dfi{x) 



B(xQ,lf) 

^C^^^^2.-2.2.G(l-i).2.(l-§)||^||2^^^^^^^^^^^^ + C{u,ff\\Dyp{t,Xo, 

+Cr;^2feG,p)-.||j||2^ + ^ r ^)|2^(^^ ^) 

2f JB(xo,2f) 

+CT,rt''^"'Q'''^\f\\j,^B(xoM) + C(M,/)2||D,p(?,X0, •)lli2(«(^,2^)). 

Since p > Q,v/e have 

min{g,(l/2,e,p)}>-l. 
1<;<3 

Since each g,- is a continuous function of a, there exists or e (4, i) such that 



min te fe G,;?)} > -1- 

1<(<3 

Fix such an a and choose 

0, - + - min {g,(a, Q,p)} 
\ 2 2 l<!<3 
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Then the above estimate reduces to 



Hi < CT,rf C(u,fr + — I \w'-it,x)\pit,xo,x)dn(x) 

B(xo,2f) 



|- f \Dwit,x)fp{t,xo,x)di^{x) + C{ujf\\Dypit,xo,-)\\l2.jj, 



Notice that for fixed ;8, y e (0, oo), t ' ^ is bounded on (0, oo). Applying this and the estimates 
of Hi and H2 to (3.10) yields 



1 + (1 - §r 
> - 



^ I J" \Dw(t, x)f-p(t, XQ, x) dp(x) - Yf J ^^P^^' ^0' 

-CT,rCiu,ff [f-' - \\Dypit,Xo, •)lli2(5(,„,2^)J • 

The estimates (3.11)-(3.12) simpUfy the above estimate as 

-|y(0 > -Cr,.c(M,/f[f5(i-§)-i +^1] - c{u,ff\\Dyp{t,xo,-)\\l2^s^^^^2ny 

Integrating over t on [0, T] we conclude that 

I J'{t)dt> I -CT,rC{u,f)\M-^^-^ +f'^]dt 
Jo Jo 



-C{ujY I I \Dyp{t,xo,y)\^dn{x)dt 

c,2f) 



(u,ff r f 

Jo Jb(x,2 



>-CT,rC{u,jf-C{ujf r r \Dyp{t,XQ,ytdn{x)dt. 

Jo Jb( 



lB(x,2f) 



Let us estimate the last term. To this end, let us recall the following inequality established in 
[15, (13)]. For every x € X, 



f f \Dyp{t,x,y)\^dp.{y)dt 

JTo JB(x,Ri) 



.CI, ' ... ' 



f f p(t,x,yf dp(y)dt, 

JTn JB(xM 



whenever < Ri < R2 and < Tq < Ti < T2, where C is a positive constant independent of 
RuR2, To, TuT2 and x. Since a e (i, ^), we have tiiat t" < T^l^ < r and B{xq, 2f) c B{xq, 2r). 
By these facts and Qe [1, 2), we obtain 



r r \Dyp{t,XQ,yfdp{x)dt< f f |Dj,p(/,xo, j)pi/ju(x)i/? 

Jo Jb(x,2F) Jo JB(x,2r) 

+ r r p{t,x,yfdn(y)dt 

W ^ JJo JfiUSr) 
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<C', 



r r r 

Jo JB(x,^r) 



t 2 p{t, X, y)dp(y) dt < Cj^r- 



Thus in both cases, we obtain 



r' d 2 



which completes the proof of Proposition 3.2. 

Proof of Proposition 3.3. By (3.9), (2.5) and (3.4), we see that 



nw(s, x)p(s, xq, x)<f>(x)Au(x) dfi(x) ds 
■ 

<cc(M,/) r {{d(,x, 

Jo Jx 

<CC(u,f) f s'^%Mmxo)ds, 
Jo 



XQf + s^'^)s~h ""^-H \(p{x)fix)\ dpix)ds 



where / = By the fact that - / — > in the strong operator topology as ? — > 0, we obtain 



Um 

t^o* 



I I w(s,x)p(s,xo,x)(p(x)Au(x)dp(x)ds 

t Jo Jx 



< Ct 



lim I f s"^Ti,{\cpf\){xo)ds = Ct lim //"r/,(|.^/|)(;co) = 0, 
t^O* t Jo s^O* 



(3.16) 



for almost every xq e Q. 

By (3.16), we further obtain 

Um J(t) - lim I I \Dw(s, x)fp(s, xq, x) dp(x) ds 

t^o* t^o* t Jo Jx 

= lim r,(|£)(#)h(xo) = |£)(m)(xo)|' 
for almost every xq e £1, proving the Proposition. □ 

4 Some applications 

In this section, we discuss some sufficient conditions for (1.1). As pointed out in the introduc- 
tion, the logarithmic inequality (1.2) guarantees (1.1); see [2, 9, 10] for more about the logarithmic 
inequality. Moreover, there is a result about curvature that guarantees (1.1). Let us first recall some 
notions; see, for instance, [1, 2, 15]. 

For all u, v, uv e D{A), define the "square of the length of the gradient" pointwise by 



T{u,v){x) - ]^{A{uv){x) - u(x)Av(x) - v(x)Au(x)]. 
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Further, assume that there exists a dense subspace c N^'^(X) such that for all u,v e 5^, we can 
define 

r2(M, V)(X) = ^[A(r(M, V))(X) - r(M,Av)(x) - r(v,AM)(x)]. 

The diffusion semigroup is said to have curvature greater or equal to some ic e R, if for all 
y and X e X, 

r2(M, m) > /cr(M, m). (4.1) 
The following result is part of [1, Proposition 2.1]. 

Proposition 4,1. Assume that the subspace is as above, and that the diffusion semigroup has 
curvature greater or equal to some /c e R. Then, for every u e N^'^(X), each t > and for almost 
every xq e X, it holds 

r 2 1 - e'^" r 2 

{u(x) - Ttu(x)) p{t,XQ,x)dp{x) < |Dm(x)| p{t,XQ,x)dfx{x), (4.2) 

Jx K Jx 

when K = 0, — — is replaced by 2t. Moreover, if inequality (4.2) holds true for every u 

and almost every xq e X, then (4.1) holds true for all functions in some dense subclass 5^ c 

A^i'2(Z) as well. 

Since (4.2) implies (1.1), by Proposition 4.1, we see that (1.1) holds when the curvature of the 
diffusion semigroup is bounded from below. It is well known that Riemannian manifolds with 
Ricci curvature bounded from below satisfies (4.1), where the generator A is the Laplace-Beltrami 
operator; see, for example, [1,7]. 

Another example given in [15] is the Euclidean spaces with smooth Ahlfors regular weights. 
Let w e C^(R") be an Ahlfors regular weight. It was shown that if ^(|Vwp - wAw) > k, then 
for all u e C,'^(l."), T2{u, u) > Kr(u, u). Here, we want to give another explanation which shows 
that T2{u, m) > whenever w is a positive C^(R") function. For every u e C^(R"), we have 
Y{u, u) = IVwp, and 



/ 



T2{u, u){x)w{x) dx 

l-[A{\Vu\^){x) - 2Vu{x) ■ V{Au){x)]w{x)dx 

n L 



Jr 

Vm(x) ■ V(Am)(;c)w(x) dx - Vm(x) ■ V (x)w(x) dx 



(Am(x))^w(x) dx + I Am(x)Vm(x) • Vw(x) dx 

' Jr" 

f r IVm(a') • Vh'(x)|2 

+ I Au{x)\u{x) ■ \w{x) dx + I — dx 

Jr" Jr" w{x) 

r ( .X r-r-. Vm(x)- Vw(x)\^ ^ „ 

Auix) yjwix) + — dx>0. 
Jr» \ ^/w(x) I 

Thus (4.1) always holds with k = 0, whenever w e C^(R") is positive. Notice here, the condition 
that w e C^(R") is positive imphes that w is a locally Ahlfors-regular weight. 
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